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Abstract
In this paper, we define the generalized r-Whitney numbers of the
first and second kind. Moreover, we drive the generalized Whitney
numbers of the first and second kind. The recurrence relations and
the generating functions of these numbers are derived. The relations
between these numbers and generalized Stirling numbers of the first and
second kind are deduced. Furthermore, some special cases are given.
Finally, matrix representation of The relations between Whitney and
Stirling numbers are given.
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1 Introduction
The Whitney numbers of the first and second kind were introduced, respec-
tively, by Dowling [9] and Benoumhani [1] as
mn(x)n =
n∑
k=0
wm,r(n, k)(mx+ 1)
k,
2and
(mx+ 1)n =
n∑
k=0
Wm,r(n, k)m
k(x)k.
The r-Whitney numbers of the first and second kind were introduced, respec-
tively, by Mezo˝ [15] as
mn(x)n =
n∑
k=0
wm,r(n, k)(mx+ r)
k,
and
(mx+ r)n =
n∑
k=0
Wm,r(n, k)m
k(x)k.
Let α = (α0, α1, · · · , αn−1) where αi, i = 0, 1, · · ·n− 1 are real numbers.
In this paper we use the following notations
(x;α)n =
n−1∏
i=0
(x− αi), (x;α)0 = 1, (1)
[x;α]n,q =
n−1∏
i=0
[x− αi]q
= q−
∑n−1
i=0
αi([x]q; [α]q)n,
where ([x]q; [α]q)n = ([x]q − [α0]q)([x]q − [α1]q) · · · ([x]q − [αn−1]q), see [5].
and
(αi)n =
n−1∏
j=0,j 6=i
(αi − αj), (αi)0 = 1, (2)
see El-Desouky and Cakic´ [10], Comtet [7].
This paper is organized as follows:
In Sections 2 and 3 we derive the generalized r-Whitney numbers of the first
and second kind.The recurrence relations and the generating functions of these
numbers are derived. Furthermore, some interesting special cases of these num-
bers are given. In Section 4 we obtained the generalized Whitney numbers of
the first and second kind by setting r = 1. We investigate some relations be-
tween the generalized r-Whitney numbers and Stirling numbers and generalized
harmonic numbers in Section 5. Finally, we obtained a matrix representation
for these relations.
32 The generalized r-Whitney numbers of the
first kind
Definition 1. The generalized r-Whitney numbers of the first kind wm,r;α(n, k)
with parameter α = (α0, α1, · · · , αn−1) are defined by
mn(x;α)n =
n∑
k=0
wm,r;α(n, k)(mx+ r)
k, (3)
where wm,r;α(0, 0) = 1 and wm,r;α(n, k) = 0 for k > n.
Theorem 2. The generalized r-Whitney numbers of the first kind wm,r;α(n, k)
satisfy the recurrence relation
wm,r;α(n, k) = wm,r;α(n− 1, k − 1)− (r +mαn−1)wm,r;α(n− 1, k), (4)
for k ≥ 1 and wm,r;α(n, 0) = (−1)
n
∏n
i=1(r +mαi−1).
Proof. Since mn(x;α)n = (mx+ r − r −mαn−1)m
n−1(x;α)n−1, we have
∑n
k=0wm,r;α(n, k)(mx+ r)
k
= (mx+ r)
n−1∑
k=0
wm,r;α(n− 1, k)(mx+ r)
k
− (r +mαn−1)
n−1∑
k=0
wm,r;α(n− 1, k)(mx+ r)
k
=
n∑
k=1
wm,r;α(n− 1, k)(mx+ r)
k
− (r +mαn−1)
n−1∑
k=0
wm,r;α(n− 1, k)(mx+ r)
k.
Equating the coefficients of (mx+ r)k on both sides, we get Eq. (4).
Using Eq. (4) it is easy to prove that wm,r;α(n, 0) = (−1)
n
∏n
i=1(r +mαi−1).
Special cases:
1. Setting αi = 0, for i = 0, 1, · · · , n− 1, hence Eq. (3) is reduced to
mnxn =
n∑
k=0
wm,r;0(n, k)(mx+ r)
k. (5)
4Thus
mnxn =
n∑
k=0
wm,r;0(n, k)
k∑
i=0
(k
i
)
(mx)irk−i
=
n∑
i=0
( n∑
k=i
(k
i
)
rk−iwm,r;0(n, k)
)
(mx)i,
hence
n∑
k=i
(k
i
)
rk−iwm,r;0(n, k) = δni, (6)
where 0 = (0, 0, · · · , 0) and δni is Kronecker’s delta.
2. Setting αi = α, for i = 0, 1, · · · , n− 1, hence Eq. (3) is reduced to
mn(x− α)n =
n∑
k=0
wm,r;α(n, k)(mx+ r)
k, (7)
therefore we have
mn
n∑
i=0
(n
i
)
xi(−α)n−i =
n∑
k=0
wm,r;α(n, k)
k∑
i=0
(k
i
)
(mx)irk−i
=
n∑
i=0
( n∑
k=i
(k
i
)
rk−iwm,r;α(n, k)
)
mixi.
Equating the coefficient of xi on both sides, we get
mn−i
(n
i
)
(−α)n−i =
n∑
k=i
(k
i
)
rk−iwm,r;α(n, k), (8)
where α = (α, α, · · · , α).
3. Setting αi = i, for i = 0, 1, · · · , n − 1, hence Eq. (3) and Eq. (4),
respectively, are reduced to
mn(x)n =
n∑
k=0
wm,r;i(n, k)(mx+ r)
k, (9)
and
wm,r;i(n, k) = wm,r;i(n− 1, k− 1)− (r+m(n− 1))wm,r;i(n− 1, k), (10)
where i = (0, 1, · · · , n − 1) and wm,r;i(n, k) = wm,r(n, k) are the r-
Whitney numbers of the first kind.
54. Setting αi = i, for i = 0, 1, · · · , n− 1, and r = −a hence wm,−a;α are the
noncentral Whitney number of the first kind, see [14].
5. Setting αi = i
p, for i = 0, 1, · · · , n− 1, hence Eq. (3) is reduced to
mn
n∏
i=0
(x− ip) =
n∑
k=0
wm,r;ip(n, k)(mx+ r)
k. (11)
Sun [17] defined p-Stirling numbers of the first kind as
n∏
i=0
(x− ip) =
n∑
i=0
s1(n, i, p)x
i,
therefore, we have
mn
n∑
i=0
s1(n, i, p)x
i =
n∑
k=0
wm,r;ip(n, k)(mx+ r)
k
=
n∑
k=0
wm,r;ip(n, k)
k∑
i=0
(k
i
)
(mx)irk−i
=
n∑
i=0
( n∑
k=i
(k
i
)
rk−iwm,r;ip(n, k)
)
(mx)i.
Equating the coefficient of xi on both sides, we get
mn−is1(n, i, p) =
n∑
k=i
(k
i
)
rk−iwm,r;ip(n, k), (12)
where ip = (0p, 1p, · · · , (n− 1)p).
6. Setting αi = [αi]q, and x = [x]q for i = 0, 1, · · · , n−1, Eq. (3) is reduced
to
mn([x]q; [α]q)n =
n∑
k=0
wm,r;[α]q(n, k)(m[x]q + r)
k, (13)
where [α]q = ([α0]q, [α1]q, · · · , [αn−1]q).
El-Desouky and Gomaa [12] defined the generalized q-Stirling numbers
of the first kind by
[x;α]n,q = q
−
∑n−1
i=0 αi
n∑
k=0
sq,α(n, k)[x]
k
q , (14)
hence, we get
([x]q; [α]q)n =
n∑
k=0
sq,α(n, k)[x]
k
q ,
6thus we have
mn
n∑
i=0
sq,α(n, i)[x]
i
q =
n∑
k=0
wm,r;[α]q(n, k)
k∑
i=0
(k
i
)
rk−i(m[x]q)
i
=
n∑
i=0
( n∑
k=i
(k
i
)
rk−iwm,r;[α]q(n, k)
)
mi[x]iq.
Equating the coefficient of [x]iq on both sides, we get
mn−isq,α(n, i) =
n∑
k=i
(k
i
)
rk−iwm,r;[α]q(n, k). (15)
3 The generalized r-Whitney numbers of the
second kind
Definition 3. The generalized r-Whitney numbers of the second kindWm,r(n, k;α)
with parameter α = (α0, α1, · · · , αn−1) are defined by
(mx+ r)n =
n∑
k=0
Wm,r;α(n, k)m
k(x;α)k, (16)
where Wm,r;α(0, 0) = 1 and Wm,r;α(n, k) = 0 for k > n.
Theorem 4. The generalized r-Whitney numbers of the second kindWm,r;α(n, k)
satisfy the recurrence relation
Wm,r;α(n, k) = Wm,r;α(n− 1, k − 1) + (r +mαk)Wm,r;α(n− 1, k) (17)
for k ≥ 1, and Wm,r;α(n, 0) = (r +mα0)
n.
Proof. Since (mx+ r)n = (mx−mαk +mαk + r)(mx+ r)
n−1, we have∑n
k=0Wm,r;α(n, k)m
k(x;α)k
= m(x− αk)
n−1∑
k=0
Wm,r;α(n− 1, k)m
k(x;α)k
+ (r +mαk)
n−1∑
k=0
Wm,r;α(n− 1, k)m
k(x;α)k
=
n∑
k=1
Wm,r;α(n− 1, k)m
k(x;α)k
+ (r +mαk)
n−1∑
k=0
Wm,r;α(n− 1, k)m
k(x;α)k.
7Equating the coefficient of (x;α)k on both sides, we get Eq. (17).
From Eq. (17) it is easy to prove that Wm,r;α(n, 0) = (r +mα0)
n.
Theorem 5. The generalized r-Whitney numbers of the second kind have the
exponential generating function
ϕk(t;α) =
k∑
i=0
e(r+mαi)t∏k
j=0,j 6=i(mαi −mαj)
. (18)
Proof. The exponential generating function of Wm,r;α(n, k) is defined by
ϕk(t;α) =
∞∑
n=k
Wm,r;α(n, k)
tn
n!
(19)
where Wm,r;α(n, k) = 0 for n < k. If k = 0 we have
ϕ0(t;α) =
∞∑
n=0
Wm,r;α(n, 0)
tn
n!
=
∞∑
n=0
(r +mα0)
n t
n
n!
= e(r+mα0)t.
Differentiating both sides of Eq. (19) with respect to t. We get
ϕ`k(t;α) =
∞∑
n=k
Wm,r;α(n, k)
tn−1
(n− 1)!
(20)
and from (17) we have
ϕ`k(t;α) =
∞∑
n=k
Wm,r;α(n− 1, k − 1)
tn−1
(n− 1)!
+ (r +mαk)
∞∑
n=k
Wm,r;α(n− 1, k)
tn−1
(n− 1)!
= ϕk−1(t;α) + (r +mαk)ϕk(t;α).
Solving this difference-differential equation we obtain Eq. (18).
Theorem 6. The generalized r-Whitney numbers of the second kind have the
explicit formula
Wm,r;α(n, k) =
k∑
i=0
1
mk(αi)k
(r +mαi)
n. (21)
8Proof. The exponential generating of Wm,r;α(n, k) is
ϕk(t;α) =
k∑
i=0
e(r+mαi)t∏k
j=0,j 6=i(mαi −mαj)
,
then, we get
∞∑
i=0
Wm,r;α(n, k)
tn
n!
=
k∑
i=0
1
mk(αi)k
∞∑
n=0
(r +mαi)
n t
n
n!
=
∞∑
i=0
( k∑
i=0
1
mk(αi)k
(r +mαi)
n
) tn
n!
.
Equating the coefficient of tn on both sides, we get Eq. (21).
Special cases:
1. Setting αi = 0, for i = 0, 1, · · · , n− 1, hence Eq. (16) is reduced to
(mx+ r)n =
n∑
k=0
Wm,r;0(n, k)m
kxk, (22)
therefore
n∑
k=0
(n
k
)
(mx)krn−k =
n∑
k=0
Wm,r;0(n, k)m
kxk. (23)
Equating the coefficient of xk on both sides, we get(n
k
)
rn−k = Wm,r;0(n, k), (24)
where Wm,r;0(n, k) denotes the generalized Pascal numbers, for more de-
tails see [4], [16].
2. Setting αi = α, for i = 0, 1, · · · , n− 1, hence Eq. (16) is reduced to
(mx+ r)n =
n∑
k=0
Wm,r;α(n, k)m
k(x− α)k, (25)
so
n∑
i=0
(n
i
)
(mx)irn−i =
n∑
k=0
Wm,r;α(n, k)m
k
k∑
i=0
(k
i
)
xi(−α)k−i
=
n∑
i=0
( n∑
k=i
(k
i
)
Wm,r;α(n, k)(α)
k−imk
)
xi.
9Equating the coefficient of xi on both sides, we get(n
i
)
rn−imi =
n∑
k=i
(k
i
)
Wm,r;α(n, k)(α)
k−imk. (26)
3. Setting αi = i, for i = 0, 1, · · · , n − 1, hence Eq. (16) and Eq. (17),
respectively, are reduced to
(mx+ r)n =
n∑
k=0
Wm,r;i(n, k)m
k(x)k, (27)
and
Wm,r;i(n, k) = Wm,r;i(n− 1, k − 1) + (r +mk)Wm,r;i(n− 1, k), (28)
where i = (0, 1, · · · , n − 1) and Wm,r;i(n, k) = Wm,r(n, k) are the r-
Whitney numbers of the second kind.
Remark:
Setting αi = i, i = 0, 1, · · · , n − 1 in Eq. (18) and using the iden-
tity
∏k
j=0,j 6=i(i − j) = (−1)
k−i(k − i)!j!, given by Gould [13], we obtain
the exponential generating function of r-Whitney numbers of the second
kind, see [15], [6].
4. Setting αi = i, for i = 0, 1, · · · , n − 1, and r = −a hence Eq. (16) is
reduced to the noncentral Whitney number of the second kind see [14].
5. Setting αi =
(i
p
)
, for i = p−1, p, · · · , n+p−2, hence Eq. (16) is reduced
to
(mx+ r)n =
n∑
k=0
Wm,r;p(n, k)m
k
p+k−1∏
i=p−1
(x−
(i
p
)
). (29)
Sun [17] defined the p-Stirling numbers of the second kind as
n∑
k=1
s2(n, k, p)x
i =
p+n−2∏
i=p−1
(x−
(n
i
)
),
hence we have
(mx+ r)n =
n∑
k=0
Wm,r;p(n, k)m
k
k∑
i=1
s2(k, i, p)x
i
n∑
i=1
(n
i
)
rn−imixi =
n∑
i=1
( n∑
k=i−1
Wm,r;p(n, k)m
ks2(k, i, p)
)
xi.
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Equating the coefficient of xi on both sides, we get(n
i
)
rn−imi =
n∑
k=i−1
Wm,r;p(n, k)m
ks2(k, i, p),
where p = (p− 1, p, · · · , n+ p− 2).
6. Setting αi = [αi]q, and x = [x]q for i = 0, 1, · · · , n− 1, hence Eq. (16) is
reduced to
(m[x]q + r)
n =
n∑
k=0
Wm,r;[α]q(n, k)m
k([x]q − [α]q)k, (30)
El-Desouky and Gomaa [12] defined the generalized q-Stirling numbers
of the second kind as
[x]iq =
i∑
k=0
q
∑k−1
l=0
αlSq,α(i, k)[x;α]k,q
=
i∑
k=0
Sq,α(i, k)([x]q; [α]q)k,
therefore we have
n∑
k=0
Wm,r;[α]q(n, k)m
k([x]q − [α]q)k
=
n∑
i=0
(n
i
)
rn−imi[x]iq
=
n∑
i=0
(n
i
)
rn−imi
i∑
k=0
Sq,α(i, k)([x]q; [α]q)k
=
n∑
k=0
( n∑
i=k
(n
i
)
rn−imiSq,α(i, k)
)
([x]q; [α]q)k.
Equating the coefficient of ([x]q; [α]q)k on both sides we get
Wm,r;[α]q(n, k)m
k =
n∑
i=k
(n
i
)
rn−imiSq,α(i, k).
4 The generalized Whitney numbers
When r = 1, the generalized r-Whitney numbers of the first wm,1;α(n, k) and
second kindWm, 1;α(n, k) are reduced, respectively, to numbers which we call
the generalized Whitney numbers of the first and second kind which briefly
are denoted by w˜m;α(n, k) and W˜m;α(n, k), respectively.
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4.1 The generalized Whitney numbers of the first kind
Definition 7. The generalized Whitney numbers of the first kind w˜m;α(n, k)
with parameter α = (α0, α1, · · · , αn−1) are defined by
mn(x;α)n =
n∑
k=0
w˜m;α(n, k)(mx+ 1)
k, (31)
where w˜m;α(0, 0) = 1 and w˜m;α(n, k) = 0 for k > n.
Corollary 8. The generalized Whitney numbers of the first kind w˜m;α(n, k)
satisfy the recurrence relation
w˜m;α(n, k) = w˜m;α(n− 1, k − 1)− (1 +mαn−1)w˜m;α(n− 1, k), (32)
for k ≥ 1, and w˜m;α(n, 0) = (−1)
n
∏n
i=1(1 +mαi−1).
Proof. The proof follows directly by setting r = 1 in Eq. (4).
Special cases:
1. Setting αi = 0, for i = 0, 1, · · · , n− 1 in Eq. (31), we get
mnxn =
n∑
k=0
w˜m;0(n, k)
k∑
i=0
(k
i
)
(mx)i (33)
=
n∑
i=0
( n∑
k=i
(k
i
)
w˜m;0(n, k)
)
(mx)i. (34)
Hence
n∑
k=i
(k
i
)
w˜m;0(n, k) = δni.
2. Setting αi = α, in Eq. (31), for i = 0, 1, · · · , n− 1,, we get
mn−i
(n
i
)
(−α)n−i =
n∑
k=i
(k
i
)
w˜m;α(n, k). (35)
3. Setting αi = i, for i = 0, 1, · · · , n− 1, in Eq. (31), we get
mn(x)n =
n∑
k=0
w˜m;i(n, k)(mx+ 1)
k, (36)
where w˜m;i(n, k) = wm(n, k) are the Whitney numbers of the first kind.
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4. Setting αi = i
p, for i = 0, 1, · · · , n− 1, in Eq. (31), we get
mn−is1(n, i, p) =
n∑
k=i
(k
i
)
w˜m;ip(n, k). (37)
5. Setting αi = [αi]q, and x = [x]q for i = 0, 1, · · · , n − 1, in Eq. (31), we
get
mn−isq,α(n, i) =
n∑
k=i
w˜m;[α]q(n, k)
(k
i
)
. (38)
4.2 The generalized Whitney numbers of the second
kind
Definition 9. The generalized Whitney numbers of the second kind W˜m;α(n, k)
with parameter α = (α0, α1, · · · , αn−1) are defined by
(mx+ 1)n =
n∑
k=0
W˜m;α(n, k)m
k(x;α)k, (39)
where W˜m;α(0, 0) = 1 and W˜m;α(n, k) = 0 for k > n.
Corollary 10. The generalized Whitney numbers of the second kind W˜m;α(n, k)
satisfy the recurrence relation
W˜m;α(n, k) = W˜m;α(n− 1, k − 1) + (1 +mαk)W˜m;α(n− 1, k), (40)
for k ≥ 1, and W˜m;α(n, 0) = (1 +mα0)
n.
Proof. The proof follows directly by setting r = 1 in Eq. (17).
Corollary 11. The generalized Whitney numbers of the second kind have the
exponential generating function
ϕk(t;α) =
k∑
i=0
e(1+mαi)t∏k
j=0,j 6=i(mαi −mαj)
. (41)
Proof. The proof follows directly by setting r = 1 in Eq. (18).
Special cases:
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1. Setting αi = 0, for i = 0, 1, · · · , n− 1, in Eq. (39), then we get(n
k
)
= W˜m;0(n, k), (42)
where W˜m;0(n, k) are Pascal numbers.
2. Setting αi = α, for i = 0, 1, · · · , n− 1, in Eq. (39), then we get(n
i
)
mi =
n∑
k=i
(k
i
)
W˜m;α(n, k)m
k. (43)
3. Setting αi = i, for i = 0, 1, · · · , n− 1, in Eq. (39), then we get
(mx+ 1)n =
n∑
k=0
W˜m;i(n, k)m
k(x)k, (44)
where W˜m;i(n, k) = Wm(n, k) are the Whitney numbers of the second
kind.
Remark:
Setting αi = 0 and r = 1 in Eq. (18) we obtain the exponential generat-
ing function of Whitney numbers of the second kind see [9].
4. Setting αi =
(i
p
)
, for i = p− 1, p, · · · , n+ p− 2, in Eq. (39), then we get
(n
i
)
mi =
n∑
k=i−1
W˜m;p(n, k)m
ks2(k, i, p).
5. Setting αi = [αi]q, and x = [x]q for i = 0, 1, · · · , n− 1, in Eq. (39), then
we get
W˜m;[α]q(n, k)m
k =
n∑
i=k
(n
i
)
miSq,α(i, k). (45)
5 Relations betweenWhitney numbers and some
types of numbers
This section is devoted to drive many important relation between The gener-
alized r-Whitney numbers and different types of Stirling numbers of the first
and second kind and the generalized harmonic numbers.
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5.1 The relation between the generalized Stirling num-
bers of the first kind and the generalized r-Whitney
numbers of the first kind
Comtet [7], [8] defined the generalized Stirling numbers of the first kind as
(x;α)n =
n∑
i=0
sα(n, i)x
i, (46)
substituting in Eq. (3), we obtain
mn
n∑
i=0
sα(n, i)x
i =
n∑
k=0
wm,r;α(n, k)(mx+ r)
k
=
n∑
k=0
wm,r;α(n, k)
k∑
i=0
(k
i
)
(mx)irk−i
=
n∑
i=0
( n∑
k=i
(k
i
)
wm,r;α(n, k)r
k−i
)
(mx)i.
Equating the coefficient of xi on both sides, we have
mn−isα(n, i) =
n∑
k=i
(k
i
)
rk−iwm,r;α(n, k). (47)
Setting r = 1, we get
mn−isα(n, i) =
n∑
k=i
(k
i
)
w˜m;α(n, k). (48)
5.2 The relation between the generalized Stirling num-
bers of the second kind and the generalized r-Whitney
numbers of the second kind
Comtet [7] defined the generalized Stirling numbers of the second kind as
xk =
k∑
i=0
Sα(k, i)(x;α)i, (49)
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from Equations (16) and (49), we have
n∑
i=0
Wm,r;α(n, i)m
i(x;α)i =
n∑
k=0
(n
k
)
mkxkrn−k
=
n∑
k=0
(n
k
)
mkrn−k
k∑
i=0
Sα(k, i)(x;α)i
=
n∑
i=0
( n∑
k=i
(n
k
)
mkrn−kSα(k, i)
)
(x;α)i.
Equating the coefficient of (x;α)i on both sides, we have
Wm,r;α(n, i)m
i =
n∑
k=i
(n
k
)
mkrn−kSα(k, i). (50)
Setting r = 1, we get
W˜m;α(n, i)m
i =
n∑
k=i
(n
k
)
mkSα(k, i). (51)
5.3 The relation between the multiparameter Stirling
numbers of the first kind and the generalized r-
Whitney numbers of the second kind
El-Desouky [11] defined the multiparameter Stirling numbers of the first kind
as
(x)n =
n∑
k=0
s(n, k;α)(x;α)k, (52)
from Eq. (16) we have
(mx+ r)n =
n∑
i=0
Wm,r;α(n, i)m
i(x;α)i,
hence
n∑
k=0
Wm,r(n, k)m
k(x)k =
n∑
i=0
Wm,r;α(n, i)m
i(x;α)i, (53)
from Eq. (52) we get
n∑
k=0
Wm,r(n, k)m
k
k∑
i=0
s(k, i;α)(x;α)i =
n∑
i=0
Wm,r;α(n, i)m
i(x;α)i,
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then
n∑
i=0
( n∑
k=i
mkWm,r(n, k)s(k, i;α)
)
(x;α)i =
n∑
i=0
Wm,r;α(n, i)m
i(x;α)i,
equating the coefficient of (x;α)i on both sides, we get
n∑
k=i
mk−iWm,r(n, k)s(k, i;α) = Wm,r;α(n, i). (54)
Setting r = 1, we get
n∑
k=i
mk−iWm(n, k)s(k, i;α) = W˜m;α(n, i). (55)
5.4 The relation between the multiparameter Stirling
numbers of the second kind and the generalized r-
Whitney numbers of the first kind
El-Desouky [11] defined the multiparameter Stirling numbers of the second
kind as
(x;α)n =
n∑
k=0
S(n, k;α)(x)k, (56)
substituting in Eq. (3)
mn
n∑
i=0
S(n, i;α)(x)i =
n∑
k=0
wm,r;α(n, k)(mx+ r)
k
=
n∑
k=0
wm,r;α(n, k)
k∑
i=0
Wm,r(k, i)m
i(x)i
=
n∑
i=0
( n∑
k=i
wm,r;α(n, k)Wm,r(k, i)
)
mi(x)i.
Equating the coefficient of (x)i on both sides, we get
mn−iS(n, i;α) =
n∑
k=i
wm,r;α(n, k)Wm,r(k, i). (57)
Also, setting r = 1, we get
mn−iS(n, i;α) =
n∑
k=i
w˜m;α(n, k)Wm(k, i). (58)
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5.5 The relation between the multiparameter Stirling
numbers and the generalized r-Whitney numbers
of the second kind
Similarly, from Eq. (53) and Eq. (56), we have
n∑
k=0
Wm,r(n, k)m
k(x)k =
n∑
i=0
Wm,r;α(n, i)m
i
i∑
k=0
S(i, k;α)(x)k
=
n∑
k=0
( n∑
i=k
Wm,r;α(n, i)S(i, k;α)m
i
)
(x)k.
Equating the coefficient of (x)k on both sides, we get
Wm,r(n, k) =
n∑
i=k
Wm,r;α(n, i)S(i, k;α)m
i−k. (59)
Setting r = 1, we get
Wm(n, k) =
n∑
i=k
W˜m;α(n, i)S(i, k;α)m
i−k. (60)
5.6 The relation between the generalized r-Whitney num-
bers and the generalized Harmonic numbers
Cakic´ [2] defined the generalized harmonic numbers as
Hn(k;α) =
n−1∑
i=0
1
(αi)k
.
From Eq (3), we have
mn(x;α)n =
n∑
k=0
wm,r;α(n, k)(mx+ r)
k
=
n∑
k=0
wm,r;α(n, k)
k∑
j=0
(
k
j
)
(mx)jrk−j
=
n∑
j=0
( n∑
k=j
(
k
j
)
rk−jwm,r;α(n, k)
)
(mx)j ,
=
∞∑
j=0
( n∑
k=j
(
k
j
)
rk−jwm,r;α(n, k)
)
(mx)j . (61)
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Also,
mn(x;α)n = m
n(x− α0)(x− α1) · · · (x− αn−1)
= mn
n∏
i=0
(−αi)(1−
x
αi
)
= mn
n∏
i=0
(−αi). exp
( n−1∑
i=0
log(1−
x
αi
)
)
= mn
n∏
i=0
(−αi). exp
(
−
n−1∑
i=0
∞∑
k=1
1
k
( x
αi
)k)
= mn
n∏
i=0
(−αi). exp
(
−
∞∑
k=1
xk
k
n−1∑
i=0
( 1
αi
)k)
= mn
n∏
i=0
(−αi). exp
(
−
∞∑
k=1
xk
k
Hn(k;α)
)
= mn
n∏
i=0
(−αi)
∞∑
ℓ=0
(−1)ℓ
ℓ!
( ∞∑
k=1
xk
k
Hn(k;α)
)ℓ
,
using Cauchy rule product, this lead to
( ∞∑
k=1
xk
k
H=n(k;α)
)ℓ
=
ℓ∏
j=1
( ∞∑
kj=1
xkj
kj
Hn(kj;α)
)
=
∞∑
j=ℓ
( ∑
k1+k2+···+kℓ=j
1
k1k2 · · ·kℓ
ℓ∏
ι=1
Hn(kι;α)
)
xj ,
therefore
mn(x;α)n = m
n
n∏
i=0
(−αi)
∞∑
ℓ=0
(−1)ℓ
ℓ!
∞∑
j=ℓ
( ∑
k1+k2+···+kℓ=j
1
k1k2 · · · kℓ
ℓ∏
ι=1
Hn(kι;α)
)
xj
= mn
n∏
i=0
(−αi)
∞∑
j=0
( ∞∑
ℓ=0
(−1)ℓ
ℓ!
( ∑
k1+k2+···+kℓ=j
1
k1k2 · · · kℓ
ℓ∏
ι=1
Hn(kι;α)
)
xj .(62)
From Eq. (61) and Eq. (62) we have the following identity
n∑
k=j
(
k
j
)
rk−jwm,r;α(n, k) = m
n−j
n∏
i=0
(−αi)
∞∑
ℓ=0
(−1)ℓ
ℓ!
( ∑
k1+k2+···+kℓ=j
1
k1k2 · · · kℓ
ℓ∏
ι=1
Hn(kι;α)
)
,
(63)
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From Eq. (47) and Eq. (63) we have
sα(n, j) =
n∏
i=0
(−αi)
∞∑
ℓ=0
(−1)ℓ
ℓ!
( ∑
k1+k2+···+kℓ=j
1
k1k2 · · ·kℓ
ℓ∏
ι=1
Hn(kι;α)
)
, (64)
this equation gives the generalized Stirling numbers in terms of the generalized
Harmonic numbers.
6 Matrix representation
In this section we drive a matrix representation for some given relations.
1. Eq. (54) can be represented in matrix form as
Ŵm,r s(α) = Ŵm,r;α, (65)
where Ŵm,r(n, k) = m
kWm,r(n, k) and Ŵm,r;α(n, i) = m
iWm,r;α(n, i) and
Wm,r, s(α) and Wm,r;α are n× n lower triangle matrices whose entries
are, respectively, the r-Whitney numbers of the second kind, the multipa-
rameter Stirling numbers of the first kind and the generalized r-Whitney
numbers of the second kind.
For example if 0 ≤ n, k, i ≤ 3, and using matrix representation given in
[3], hence Eq. (65) can be written as(
1 0 0 0
r m 0 0
r2 m(2r +m) m2 0
r3 m(3r2 + 3mr +m2) m2(3r + 3m) m3
)(
1 0 0 0
α0 1 0 0
α0(α0 − 1) α0 + α1 − 1 1 0
s(3, 0;α) s(3, 1;α) s(3, 2;α) 1
)
(
1 0 0 0
(r +mα0) m 0 0
(r +mα0)2 (2r +mα0 +mα1)m m2 0
(r +mα0)3 Ŵm,r;α(3, 1) Ŵm,r;α(3, 2) m
3
)
where s(3, 0;α) = α0(α0 − 1)(α0 − 2), s(3, 1;α) = α0(α0 − 1) + (α1 −
2)(α0+α1−1), s(3, 2;α) = α0+α1+α2−3, Ŵm,r;α(3, 1) = ((r+mα0)
2+
(r+mα1)(2r+mα0+mα1))m, Ŵm,r;α(3, 2) = (3r+mα0+mα1+mα2)m
2.
2. Eq. (57) can be represented in a matrix form as
wm,r;α Ŵm,r = Ŝ(α), (66)
where Ŝ(n, i;α) = mnS(n, i;α), and wm,r;α and S(α) are n×n lower tri-
angle matrices whose entries are, respectively, the generalized r-Whitney
numbers of the first kind and the multiparameter Stirling numbers of the
20
second kind.
For example if 0 ≤ n, k, i ≤ 3, hence Eq. (66) can be written as(
1 0 0 0
−r −mα0 1 0 0
(r +mα0)(r +mα1) −2r −mα0 −mα1 1 0
wm,r;α(3, 0) wm,r;α(3, 1) wm,r;α(3, 2) 1
)
.
(
1 0 0 0
r m 0 0
r2 m(2r +m) m2 0
r3 m(3r2 + 3mr +m2) m2(3r + 3m) m3
)
=
(
1 0 0 0
−mα0 m 0 0
m2α0α1 m
2(−α0 − α1 + 1) m2 0
m3α0α1α2 Ŝ(3, 1;α) Ŝ(3, 2;α) m3
)
where wm,r;α(3, 0) = −(r + mα0)(r + mα1)(r + mα2), wm,r;α(3, 1) =
(r+mα0)(r+mα1) + (2r+mα0+mα1)(r+mα2), wm,r;α(3, 2) = −3r−
mα0−mα1−mα2, Ŝ(3, 1;α) = m
3(α0α1+α0α2+α1α2−α0−α1−α2+1),
Ŝ(3, 2;α) = m3(−α0 − α1 − α2 + 3).
3. Eq. (59) can be represented in a matrix form as
Ŵm,r;α S(α) = Ŵm,r, (67)
For example if 0 ≤ n, k, i ≤ 3, hence Eq. (66) can be written as(
1 0 0 0
(r +mα0) m 0 0
(r +mα0)2 (2r +mα0 +mα1)m m2 0
(r +mα0)3 Ŵm,r;α(3, 1) Ŵm,r;α(3, 2) m
3
)
.
(
1 0 0 0
−α0 1 0 0
α0α1 −α0 − α1 + 1 1 0
α0α1α2 S(3, 1;α) S(3, 2;α) 1
)
=
(
1 0 0 0
r m 0 0
r2 m(2r +m) m2 0
r3 m(3r2 + 3mr +m2) m2(3r + 3m) m3
)
where Ŵm,r;α(3, 1) = ((r + mα0)
2 + (r + mα1)(2r + mα0 + mα1))m,
Ŵm,r;α(3, 2) = (3r +mα0 +mα1 +mα2)m
2, S(3, 1;α) = α0α1 + α0α2 +
α1α2 − α0 − α1 − α2 + 1, S(3, 2;α) = −α0 − α1 − α2 + 3.
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